We consider integrable open spin chains related to the quantum affine algebras U q ( o(3)) and U q (A (2) 2 ). We discuss the symmetry algebras of these chains with the local C 3 space related to the Birman-Wenzl-Murakami algebra. The symmetry algebra and the Birman-Wenzl-Murakami algebra centralize each other in the representation space H = ⊗ N 1 C 3 of the system, and this determines the structure of the spin system spectra. Consequently, the corresponding multiplet structure of the energy spectra is obtained. *
I Introduction
The development of the quantum inverse scattering method (QISM) [1, 2, 3] as an approach to construction and exact solution of quantum integrable systems has lead to the foundations of the theory of quantum groups [4, 5] . The representation theory of quantum groups is naturally connected to the spectral theory of the integrals of motion of quantum systems. In particular, this connection appeared in the combinatorial approach to the question of completeness of the eigenvectors of the XXX Heisenberg spin chain [6] .
Important properties of quantum integrable systems are related with their symmetry algebra and are defined by a bigger algebra which gives the main relations underlining integrability, the so-called RLL-relations [1] . In the case of most known isotropic Heisenberg chain of spin 1/2 (XXX-model) the symmetry algebra is sl 2 , the Hamiltonian is an element of the group algebra C[S N ] of the symmetric group S N . The fundamental relations of the auxiliary L-matrix entries generate an infinite dimensional quantum algebra -the Yangian Y(sl 2 ). The actions of sl 2 and S N on the state of space H = ⊗ N 1 C 2 are mutually commuting (the Schur-Weyl duality). Extension of this scheme to a particular case of the Hecke algebra -the Temperley-Lieb algebra, instead of the symmetric group and corresponding new quantum algebras were proposed in [7, 8] . Here we consider a further generalization -the case of the Birman-Wenzl-Murakami algebra [9] and its specific representations in C 3 ⊗ C 3 given by the spectral parameter dependent R-matrices. These R-matrices correspond to different quantum affine algebras U q ( o(3)), U q (A (2) 2 ), U q ( osp(1|2)) and U q (sl(1|2) (2) ). Although corresponding spin systems were analysed in a variety of papers (detailed references are given below) we point out the connection of the open spin chains with the Birman-Wenzl-Murakami algebra as a centralizer of the symmetry algebra.
For the XXZ-model of spin 1 the appropriate dynamical symmetry algebra is U q ( o (3) ) and its symmetry algebra is U q (o(3)) [10] . The corresponding Rmatrix was found in [11] , see also [5] , and it can also be obtained by the fusion procedure starting from the R-matrix of the XXZ-model of spin ½ [3] .
The R-matrix of U q (A (2) 2 ) in C 3 ⊗ C 3 was found in [12] and the corresponding periodic spin chain was solved by recurrence algebraic Bethe ansatz in [13] .
These two spectral parameter dependent R-matrices are the two versions of the Yang-Baxterization procedure for a given representation of the BirmanWenzl-Murakami algebra W 2 (q, ν = q −2 ) in C 3 ⊗ C 3 [14, 15, 16] .
The two additional R-matrices related to the quantum affine super-algebras can be obtained by considering the Birman-Wenzl-Murakami algebra W 2 (−q, ν = I INTRODUCTION −q −2 ) and taking into account the connection between the solutions of the YangBaxter equation and the solutions of the (Z 2 graded) super-Yang-Baxter equation [17] . In this case the representation of the Birman-Wenzl-Murakami (BMW) algebra is the centralizer of the U q (osp(1|2)) action in the tensor product of its fundamental representation.
We point out the multiplet structure of the energy spectra of the corresponding open spin chain Hamiltonians. The quantum determinant of the algebra U q (A (2) 2 ) is also given. The symmetry properties of integrable spin chains depend also on the boundary conditions, for example, there are soliton preserving versus non-soliton preserving boundary conditions, see [18] and the references therein. For the XXZchain of spin ½ particular boundary conditions yield the spectrum of the system which has clear multiplet structure of the irreducible representations of the Hecke algebra H N (q) and the symmetry algebra U q (sl 2 ). However, there are also K-matrices defining the integrable boundary conditions of the XXZ model such that the whole space of states is just an irreducible representation of the reflection equation algebra.
The paper is organised as follows. In Section II the R-matrix of the model XXZ 1 and its properties are reviewed. The emphasis is given to its connection to the U q (o(3)) constant R-matrix and the corresponding realisation of the BMW algebra. In Section III the Izergin-Korepin R-matrix is reviewed along the same lines. It was shown that although the constant R-matrix is the same as in the case of the XXZ spin-1 however, the corresponding Yang -Baxterization of the BMW algebra generators yields different spectral parameter dependent R-matrix. In Section IV the definition of the Birman-Wenzl-Murakami algebra is reviewed in general. Also, some properties of the symmetrizers and antisymmetrizers in the particular case of the BMW algebra W N (q, q −2 ), corresponding to the XXZ 1 and A (2) 2 R-matricies, are studied. The symmetries of the corresponding open spin chains are discussed in Section V. In particular, the realization of the BMW algebra as the centralizer of the symmetry algebra of the open spin chain is analysed. The multiplet structure of the energy spectra of the corresponding open spin chain Hamiltonians is the main result of this analysis. Our conclusions and directions for further research are given in the last Section.
Following [11, 17, 3, 5] , the 9 × 9 R-matrix of the XXZ-chain of spin one can be expressed as follows
where the functions are
The R-matrix satisfies the Yang-Baxter equation in the space
where we use the standard notation of the QISM [1, 2, 3] . This form of the R-matrix is related with the symmetric one R t 12 (λ, η) = R 12 (λ, η) by the similarity transformation
with α = ½ and h = diag(1, 0, −1). The transformed R-matrix still obeys the Yang-Baxter equation due to the U(1) symmetry of the initial R-matrix
The R-matrix (II.1) has a few important properties: regularity, unitarity, PTsymmetry and crossing symmetry. The regularity condition at λ = 0 reads
where P is the permutation matrix of C 3 ⊗ C 3 . The unitarity relation is
here R 21 (λ) = P R 12 (λ)P and ρ is the following function
The so-called PT-symmetry states
Finally, it has the following crossing symmetry property
where t 2 denotes the transpose in the second space and the matrix Q is given by
The R-matrix (II.1) in the braid group form
admits the spectral decompositioň
(II.13)
here ω(e η ) = e η − e −η and
These are projectors to the five, three and one dimensional eigenspace, respectively. Thus the R-matrix (II.1) has four degeneration points λ = ±η, and λ = ±2η. Its rank at λ = η is eight, at λ = 2η is five, at λ = −2η is four and finally at λ = −η is one. The R-matrix (II.11) can also be expressed in the following form, useful for the asymptoticš
(II.16) A relevant observation is that the constant R-matrix
being a solution of the Yang-Baxter equation in the braid group form
has the spectral decomposition (q = e 2η )
Hence,Ř(η) satisfies the cubic equation
Consequently, its minimal polynomial is
Its matrix form iš
here ω(e 2η ) = e 2η − e −2η . For the purpose of establishing a relation with the Birman-Wenzl-Murakami algebra, the one dimensional projector P 1 (η) is related to the rank one matrix
with µ = q + 1 + 1/q and q = e 2η . The matrix E (η) satisfies
and alsoŘ
where ω(q) = q − 1/q. From these relations we conclude thatŘ,Ř −1 and E provide a realisation of the Birman-Wenzl-Murakami algebra W N (q, 1/q 2 ) [9] in the space H = ⊗ N 1 C 3 . The projector P 5 (η) on five dimentional subspace of C 3 ⊗ C 3 corresponds to a symmetrizer of spin 2 irreducible representation of the quantum algebra U q (o(3)). It can be used to construct an R-matrix for higher spin R (2, 1) 
It will be shown in Sec. V that one can use higher symmetrizers of the BMWalgebra
III Izergin-Korepin R-matrix
Following [13] , the Izergin-Korepin R-matrix is expressed as follows
Like in the case of XXZ spin 1, this R-matrix (III.1) has four important properties: regularity, unitarity, PT-symmetry and crossing symmetry. The regularity condition at λ = 0 reads
and ρ is the following function
The so-called PT-symmetry states that the transpose of the R-matrix (III.1) is equal to the same R-matrix conjugated by the permutation matrix P, that is
Also, the R-matrix (III.1) has the following crossing symmetry [19] 
where t 2 denotes the transpose in the second space and the matrix Q is given in (II.10).
In the braid group form the R-matrix (III.1)
where the projectors P 5 (η) , P 3 (η) and P 1 (η) are the same as in the equation (II.12) and are given in (II. [13] [14] [15] , respectively. Thus the R-matrix (III.1) has four degeneration points [19] λ = ±4η, and λ = ±(6η + ıπ). Its rank at λ = −(6η + ıπ) is eight, at λ = −4η is six, at λ = 4η is three and finally at λ = 6η + ıπ is one. The R-matrix (III.7) can also be expressed in the following form
where the constant R-matrix used here is given in (II.19) and is the same as the one used in (II.16). This constant R-matrix, as it was pointed out, defines a representation of the BMW algebra
To confirm this, in the next section, we briefly review basic facts of the Birman-Wenzl-Murakami algebra.
The matrixŘ(λ, η) (III.8) at degeneration point λ = 4η is proportional to the rank 3 projector P 3 (η) (II.14) which is a q-analogue of the antisymmetrizer on C 3 ⊗ C 3 . One can further obtain the antisymmetrizer on C 3 ⊗ C 3 ⊗ C 3 according to the fusion procedure [3] 
(III.10)
This matrix A 3 ∈ End((C 3 ) ⊗3 ) has rank one. It can also be used to define a quantum determinant q-detL(λ) of operator valued L-matrix L(λ) satisfying the so-called RLL-relation, a milestone of the QISM,
In this case, the quantum determinant
where A i (λ), B i (λ) and C i (λ), i = 1, 2, 3, are the operator entries of the L-matrix
The vector in (C 3 ) ⊗3 defining the rank one antisymmetrizer (III.10), coinsides with the quantum completely antisymmetric tensor of [20] . It can be shown that the quantum determinant (III.12) is central, with respect to the RLL-relation (III.11), due to the proportionality of the R-marix quantum determinant to the identity matrix
The q-detL(λ) has a group-like property
As the final remark in the discussion of the properties of the XXZ 1 and A (2) 2 trigonometric R-matrices we point out that these R-matrices have different scaling limits. The A
2 R-matrix in the limit λ → ǫλ, η → ǫη and ǫ → 0 yields the
while in the XXZ 1 case the limit yields
where K is a rank 1 matrix, invariant with respect to the O(3) transformations. In the quasi-classical limit η → 0 these two trigonometric R-matrices also yield different classical r-matrices.
The defining relations of the BMW algebra W N (q, ν), for the generators 1, σ i , σ
and e i , i = 1, . . . , N − 1, are recalled for convenience, [9] 
where ω(q) = q − 1/q. It can be shown that the dimension of the Birman-Wenzl-
Many useful relations follow from the definition above, for example [16] 
Another important consequence of the relations (IV.2,4) is a cubic relatoin for σ i
There is the natural inclusion of
The Yang-Baxterization procedure yields two spectral parameter dependent elements [14, 15, 16] 
(IV.7)
These elements satisfy the Yang-Baxter equation in the braid group form
Their unitarity relation is
The regularity property of the Yang-Baxterized elements (IV.7) is important for the locality of Hamiltonian density of the corresponding spin chains and is valid on the algebraic level due to (IV.4). Also, these elements are normalised so that σ (±) i (±1) = ±1. In order to see the connection with the previous sections we set ν = 1/q 2 and find that σ
The irreducible representations of the BMW algebra W N (q, ν) are more complicated than the irreducible representations of the symmetric group S N or the Hecke algebra H N (q), although they can be parameterized by the Young diagrams [9, 14] . The simplest, one-dimensional irreducible representations of W N (q, ν) are defined by the symmetrizer and antisymmetrizer, respectively. The symmetrizer of the W N (q, ν) is given by
with S 1 = 1 and
We use the standard notation for the q-factorial
. The elements S n , n = 1, . . . , N are idempotents, i.e. S 2 n = S n . In addition, the symmetrizer S N is also central. In the realisation on C 3 ⊗ C 3 of the BMW algebra W 2 (q, q −2 )
and e 1 is proportional to the rank one projector P 1
Similarly, the antisymmetrizer of the W N (q, ν) is given by
with A 1 = 1 and
The elements A n , n = 1, . . . , N are idempotents and the antisymmetrizer A N is also central in W N (q, ν). Below we will show how to prove this statement, here we only notice that
It is straightforward to see that
In the realisation (IV.12,13)
In addition, in this realisation (with σ .9)), the antisymmetrizer A 3 has rank one, as it was already noticed in (III.10). Furthermore, a straightforward calculation yields A 4 = 0. Consequently all the higher antisymmetrizers vanish identically, A n ≡ 0, for n > 4.
In a general case of W N (q, ν), it can be shown that the following identities are valid
for i = 1, . . . , n − 1 and 1 < n N. The relations (IV.24,25) can also be written in the following form
for i = 1, . . . , n − 1 and 1 < n N. From these identities it is evident that S N and A N are central in W N (q, ν) . Also, using the relations (IV.26-29), it is straightforward to check that S n and A n are idempotents, i.e. S 2 n = S n and A 2 n = A n , n = 1, . . . , N.
In the next section the BMW algebra W N (q, q −2 ) will be used to describe the multiplet structure of the spectra of some open quantum spin chains.
V Open Spin Chain
According to the quantum inverse scattering method the R-matrix R(u, q) can be used to construct an auxiliary L-operator for an integrable spin system, identifying the two spaces of R(u, q) ∈ End(V ⊗ V) as auxiliary and quantum space, respectively:
Notice that in this section we mainly use the multiplicative spectral parameter, which in the case of the model XXZ 1 is given by u = exp(−λ). Then the monodromy matrix of a spin chain with N sites is the product of L-matrices in End(V 0 ) whose entries are in End(
while the entries of the monodromy matrix T ab (u) are operators on the whole space of states H = ⊗ N j=1 V j (in the case under consideration V j = C 3 ). As a consequence of the Yang-Baxter equation (II.2) for the R-matrix and (V.1) one has [2, 6, 17] 
and
where T 1 (u) = T(u) ⊗ 1 and T 2 (u) = 1 ⊗ T(u) are operator valued matrices in the two auxiliary spaces V 1 ⊗ V 2 , written as elements of End(V 1 ⊗ V 2 ). The trace of the monodromy matrix T(u) -the transfer matrix
is the generating function of the integrals of motion, including the Hamiltonian, of the spin chain with the periodic boundary condition. In order to construct integrable spin chains with non-periodic boundary condition one has to use the Sklyanin formalism [22] . The corresponding monodromy matrix T (u) consists of the two matrices T(u) (V.2) and a reflection matrix
Using the unitarity relation (II.6) (R −1
Taking into account the definition R 12 (u, η) = P 12 R 21 (u, η)P 12 one can transform the monodromy matrix T (u) into the following form (in order to shorten the notation in the formulas below the argument η will be dropped)
8) The generating function τ(u) of the integrals of motion [22] is given by the trace of T (u) over the auxiliary space with an extra reflection matrix K + (u)
The reflection matrices K ± (u) are solutions to the reflection equation with a property K − (1) = 1 ∈ End(V) and τ(1) ≃ 1. In particular, the Hamiltonian is given by H =
The two extra boundary terms are contributions from the two reflection matrices K ± (u) at the sites 1 and N. In our case we can take the constant K-matrices K − (u) = 1 and K + (u) = Q t Q, where the matrix Q is given by (II.10). It is easy to check that a non-zero contribution at the site N is proportional to the identity, hence it does not influence the structure of the spectrum. For general K-matrices the solution, by the algebraic Bethe ansatz, was given in [23] .
Asymptotic expansion of T(u) at u → 0 (or at u → ∞) results in some matrices which have no spectral parameter dependence in accordance with (II.1) (see also (II.16))
Here the constant L-matrices L − 0j are upper triangular matrices which coincide with the asymptotic limit λ → +∞ (II.17) of the R-matrices (II.1), L
Hence, the Yang-Baxter equation (II.2) for the constant R-matrix can be written as follows R
It follows from the formula (II.1) (and also (II.16)) that R
. So, multiplying the previous equation by the permutation operator P i,i+1 from the left one gets 
This product of L − 0j can be represented as the image of a multiple co-product map
Analogously, the asymptotic expansion of T(u) at u → ∞ yields the matrix
. Similar arguments used to show that T − commutes withŘ i i+1 lead to the conclusion that T + commutes as well. Notice that the generators of the global action of the quantum algebra U q (o(3)) are entries of T ± . Analogous arguments are valid in the quantum algebra A (2) 2 case as well.
It is known that in the space H as a space of representation of U q (o(3)) and W N (q, q −2 ) these algebras are mutual centralizers [21] . According to the centralizer property this induces the decomposition of the representation space H into direct sum of irreducible representations of both algebras, being a generalisation of the Schur-Weyl duality. Similarly to the Hecke algebra case, studied previously in [8] , one gets
where V s is the (2s + 1)-dimensional irreducible representation of U q (o(3)) while U s is some irreducible representation of W N (q, q −2 ). The dimension of an irreducible representation of W N (q, q −2 ) is equal to the multiplicity m of the corresponding irreducible representation of centralizer algebra U q (o(3)), and vice versa
The dimension of the irreducible representation V s of U q (o (3)) and the number n of the inequivalent irreducible representations in the decomposition (V.16) are well known. It follows from the decomposition of the tensor product of the spin 1 representations of o(3): dim V s = 2s + 1, (o(3) )) = 5.
The decomposition (V.16) permits to determine the structure of the multiplets of the Hamiltonian, which is an element of the BMW algebra (V.10) being a function of the generators of W N (q, q −2 )
According to the QISM, the R-matrices (II.1) and (III.1) being regular at λ = 0 (II.5) and (III.2), respectively, define the local Hamiltonian density for two sites of the corresponding spin chains [1, 3] . For the XXZ 1 -model from (II.16) one gets
In order to simplify the expressions of the eigenvalues the factor (q − 1) will be dropped from the Hamiltonian density. In the A
2 -case from (III.9) it follows
(V.21) The Hamiltonian of the open spin chain with N-sites is then given by
As an example let us consider the case of N = 3 sites when the algebra 
In the case N = 3 there are four irreducible representations (irreps) of W 3 : two one-dimensional irreps generated by S 3 and A 3 , respectively, the threedimensional irrep d 3 (corresponding to the one-box Young diagram) and the two-dimensional irrep d 2 (corresponding to the three-box Young diagram with two rows). Thus the Hamiltonian being restricted to invariant subspaces can have up to seven distinct eigenvalues. Their multiplicities are obtained from the correspondence between the irreps of W 3 and the irreps of U q (o(3)):
(V.28)
The Although the Hamiltonian density (V.21) has a common factor (1 + 1/q) it is not convenient to drop it since the expressions of some eigenvalues become more cumbersome.
VI Conclusions
Two integrable spin systems invariant with respect to the quantum algebra U q (o(3)) were considered. These spin systems are defined in the framework of the QISM by trigonometric R-matrices related to the quantum affine algebras U q ( o(3)) and U q (A
2 ). It was shown that the mutually commuting integrals of motion belong to the image of the BMW algerba W N (q, q −2 ) in a reducible representation on the space of states H = ⊗ N 1 C 3 . The symmetry algebra and the BMW algebra centralize each other in the representation space, and this determines the structure of the spin system spectra.
We point out that there is a series of quantum super-algebras U q (osp(1|2n)) [21] with corresponding R-matrices in the vector representation defining generators of the Birman-Wenzl-Murakami algebra W N (−q, −q −2n ) similarly to the one considered in our paper. From the representation of the BMW algebra given by the R-matrix one can get two spectral parameter dependent R-matrices by the Yang-Baxterization procedure (IV.7). Each of them yields solutions of the standard and (Z 2 graded) super-Yang-Baxter equations [17] . This results in a possibility to construct four series of integrable spin chains whose structure of the spectrum is similar to the one considered in the previous section.
